Equity portfolio managers typically convey instructions to their traders in the form of target portfolio weights for the various shares in their portfolio. We present a set of differential equations that allows the calculation of the share prices, number of shares, and value of each manager's portfolio over time, in terms of share weights. It is also necessary to know the amount of cash flowing into each portfolio and the number of each type of shares outstanding.
INTRODUCTION
A typical manager of an equity portfolio gathers and analyzes information from a variety of sources that is then used to make predictions about the future course of stock prices. From time to time he produces a set of instructions telling the trader what changes to make in the current portfolio. Holdings of some stocks should be increased, others decreased. Similarly, other managers provide instructions to their traders, but the instructions will differ from manager to manager.
The prices of the stocks in the market are continually adjusted as a result of the execution of the instructions by the various traders active at the time, buying and selling stocks between each other. We stress that the resulting prices directly depend only on the nature of the instructions, but not on the procedures that managers use to determine the instructions. Thus, if we knew what all the trading instructions were, we could in principle calculate how all the stock prices would change.
This report describes how such a calculation could be carried out if we use a particular method of representing trading instructions, namely the provision to the trader by the manager of a set of target weights for each of the stocks in the portfolio. To complete the information needed for this method we also need to know the amount of external cash flowing to and from the portfolio, and the number of shares newly issued or retired by each company whose stock is traded.
The calculation requires the solution of a number of coupled differential equations with time as the independent variable. It is easy to solve these equations numerically.
While no single person or organization knows all the information required to perform the calculations, we believe that there may be nevertheless some useful insights to be gained by studying the results of our work. Some possibilities for future study are mentioned below.
Our approach differs in a number of respects from the vast literature on the subject of asset pricing. We question the standard approach that appears to be ill-defined, unrealistic, wrong, or perhaps all three. The standard approach attempts to predict price behavior from an understanding of how market participants think and act. It usually assumes the existence of an underlying universal stochastic process, with little or no discussion of how the process is defined, even formally. For example the term 'expected return' is used frequently but without clear definition. Agents are assumed to have an unrealistic amount of knowledge and unbelievable power to make computations. The obvious diversity among agents is often completely ignored.
In contrast our goals are much less ambitious, but our method can take into account the fact that managers do not all think alike and do not (indeed cannot) follow the fanciful methods assumed in standard asset pricing theory.
Section 2 sets the stage and describes our assumptions. In Section 3 the differential equations are derived, with a summary appearing in Appendix 1. Section 4 shows in a simple case that the results of solving the equations are close to what would occur if the market participants traded in the conventional way. In Section 5 we discuss some of the issues that might be studied on the basis of the framework laid out here. This report is an extension of work done previously [Nu00].
MARKET PRICES FROM TRADING RULES
For this report we consider the market to be based on a particular set of shares, such as all, or a specified subset of, those listed on the NYSE. We suppose that there are Q different types of share, e.g. the shares of a number of different companies.
The market consists of just three groups whose actions can directly influence share prices.
• Managers -all portfolio managers and individuals who make decisions to buy and sell shares in the market. Managers may also hold cash; • Investors -all those who decide when to commit to or withdraw cash from the portfolio managers; • Companies -all public companies that issue new shares in the defined market to managers, or purchase and retire existing shares from managers.
Stock prices are set entirely by the actions of these three groups, although of course decisions by the groups are influenced by a vast array of external information, including possibly the past behavior of the share prices themselves.
It should be possible to calculate how share prices have varied or will vary over a period of time if we know the following information, all of which varies with time.
• Share prices and the contents of the managers' portfolios at the start of the period in question; • The rules followed by portfolio managers in deciding when and which shares to buy and sell;
• The rate of flow of investors' cash to or from the portfolios;
• The rate at which companies by sale or purchase change the number of their shares outstanding.
Thus, as time passes, there will be a flow of cash (possibly negative at times) from the investors into each portfolio (e.g. a pension fund receives cash contributions from its members and pays out funds to retirees). These net cash flows to each manager are regarded as given in the model. Shares might also be redeemed on payment of cash to the managers whose portfolios contain them by the company that issued them, and similarly new shares might be issued for cash, all based on the current market price of the share. The net flow of shares of each type into the system we take as given.
To complete the description we need to specify the rules used by each manager to determine how to adjust the contents of his portfolio at any time. Many professional portfolio managers use optimization software that instructs the manager on the weights of the shares to hold in the portfolio for the next period of time. Here the weight of a share is the fraction of the total portfolio value to be placed in shares of that type. In this report we take the rule to be that the manager must change from the current weights to the weights specified by the optimizer. This will entail buying or selling shares of various types. After the changes have been made the share holdings are not further adjusted until the optimizer is run again, except for rebalancing to maintain the desired weights.
Each manager will execute a succession of trades that move his portfolio towards the required new weights. The other managers will be doing the same thing, and none of them can be sure how many shares of each stock will be needed to produce the desired weight, or what the share price will be at this point. This effect is called market impact, and the equations below calculate its value for each share.
The weights will change with time, and will in general be different for each manager. In the following we assume that the time dependence of all weights is given. In fact an outside observer will not know the weights chosen by the managers, but at least the information does exist. This is in contrast with the situation in standard asset pricing models.
In practice the above ratios and the external flows of cash and shares, the information that determines the behavior of the market in the model, might be discontinuous functions of time, which will lead to erratic changes in share prices. For convenience we assume that the externally determined functions have a sufficiently smooth dependence on time, and that shares are infinitely divisible. The number of shares traded in a given, small time interval will be proportional to the length of the interval. In that interval a manager who trades will exchange small amounts of cash and shares with another manager on the basis of the current market prices for the shares.
With the smoothness assumption, the process is described by a set of coupled, first order, nonlinear, ordinary differential equations with time as the independent variable. The equations are derived in the next section. It is straightforward to write a computer program which will solve these equations numerically with adequate accuracy, using standard techniques of numerical analysis.
DERIVATION OF THE EQUATIONS
Let us suppose that there are M managers, and that at a given time t manager j has an amount of cash and a number of shares of type . If the price of a share of type is , we denote the value his portfolio by , so that
For manager j the weight , the fraction of the value of his portfolio in shares of type , is defined by
In the model trading begins at time 0 = t when all the above functions have specified values. We assume that cash from outside sources, or interest and dividends on the portfolio, is added to portfolio j in such a manner that a net amount of cash has flowed into portfolio up to time t . We also assume that a net amount of shares of type have been issued by the company up to time to all the managers. We use the symbol G to represent the time derivative of . From the notion that a manager will preserve value when trading we obtain
This equation is equivalent to the statement that, for a small interval of time, the increase in the portfolio's cash balance is equal to the amount of cash flowing in from external sources minus the amount spent to buy additional shares.
Differentiating the definition of we find
The set of equations will be completed with an expression for . This can be obtained by summing (1) over
Thus, with
being the matrix that is the inverse of the matrix with elements , we have
The sets of equations (3), (4) and (5) 
RELATION TO BID/ASK METHOD OF TRADING
The differential equations that govern time dependence of prices, number of shares and cash are derived under the implied assumption that the various managers collaborate to make changes in these quantities over a small time interval that are consistent with the basic relations between all the variables involved. It is of interest to understand how in a realistic situation this collaboration might occur. Here we examine a simple case involving two managers and one share type with the aim of finding out whether the price change predicted by the differential equations would result from a series bid/ask trades between the two managers. We find little difference between the two methods. This supports that view that the differential equations are a reasonable approximation to what might happen in the real world if managers traded continuously to adjust their portfolios according to specified time-varying weights.
With the previous notation, in this case we have one stock 
DIFFERENTIAL EQUATION METHOD
If we assume that weight increases linearly with time to the value at time , then a numerical solution of the differential equations leads to the following results at time Manager 1 Offer to buy or sell some shares so as to move the share weight in the direction of the target weight . This will mean that the offer must be at a price different from the current price.
. 0
Manager 2 When a price different from the current price is offered, buy or sell an amount of shares just sufficient to return his share weight to , calculated using the new price.
These actions take place alternately until Manager 1 decides that the portfolio weight is close enough to .
The process consists of the following steps.
Step 1 Based on the latest price and number of shares in Portfolio 1, Manager 1 calculates his new share weight . Unless the latest value of is sufficiently near the target weight, in which case the process terminates, Manager 1 chooses a new price equal to the current price plus an increment 
DISCUSSION
There are several possible ways in which the formalism may be extended, and problems where it may be applied. Some of them are discussed below.
EXTENSIONS Rebalancing
In the procedure used to derive the differential equations each manager continually adjusts his portfolio as stock prices changes, even if his target weights remain the same. Price changes mean that share numbers must change to maintain the same weights. This effect would lead to excessive trading costs, so that, in practice, a manager would not trade in a share until the corresponding weight moved outside a specified range centered on the target weight. The differential equations can be modified to take account of this requirement, but we disregard this possibility in the remarks below.
Extended Definition of Cash and Cash Transfer
We may make the model more realistic by extending the definition of portfolio cash and cash transferred . In addition to cash we assume that also includes the value of other financial assets held in the portfolio. That is assets in addition to the shares previously discussed. Their value is determined externally and not by the market process we described for the shares. If the value of changes over time, that change is reflected in , which also takes account of investor cash flows as before, as well as dividends plus fees,
commissions, expenses, etc. incurred by the manager. With these extended definitions the same equations set out in Appendix 1 govern changes in prices, etc. The equations are a consequence of the assumption that shares are traded so as to maintain specified time-varying share weights, a weight being a fraction of the total portfolio value.
APPLICATIONS Price Change Drivers -Internal
Let us consider the US stock market, say the largest 1000 stocks by market capitalization together with all the many managers that hold these stocks. In most cases the weights will be small compared to 1, and the number of shares of type i held by manager j will be small compared to , so that it is reasonable to approximate the matrix by its first term
This equation shows that share price changes are driven by changes in share weights , cash transferred , and number of shares outstanding .We call the first of these internal (endogenous if you are an economist) because share weights are under the control of the managers, and the other two are external (exogenous).
In the US market there is a very wide spread of portfolio values over managers j, with a few very large ones down to a great many smaller ones. Since we have no reason to suppose that the rates of change of weights
will differ systematically based on portfolio size, it is likely that internal share price changes will normally be dominated by a relatively few large managers because of the factor in the internal price change formula. Someone who could predict a stock's rate of weight change for a relatively small number of large managers would probably be able to predict price changes, especially if the changes were all in the same direction. Numerical simulation might shed more light on this question.
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It is clear that if a high proportion of managers making weight changes, especially the large ones, decided to increase their weights for a particular share, then the price would rise. That rise could get to the point where the approximation above would no longer be justified, and analysis shows that the correct formula would lead to an enhanced price rise. There is no formal limit to how high the price could rise based on internal factors alone, and the same applies in reverse to falls.
Price Change Drivers -External
Note that, in the above scenario, a sufficiently large price rise might induce managers to remove cash and companies to issue more shares, and the external price drivers and
would lead to a compensating tendency for prices to fall.
In general it might be expected that internal price changes would dominate for shorter time periods, but that the external drivers could have a significant effect over long periods. Thus it would be interesting to try to estimate the contributions of the various drivers to the overall increase in stock market prices over lengthy periods in the past. A successful result would provide an explanation for the equity premium.
Numerical Simulations
In addition to the suggestions above, there are other areas where it would be interesting to simulate aspects of market behavior by numerical solution of the differential equations.
An earlier version of this report [Nu00] provides the results of some calculations on simple situations where there is only one type of share. One point to note is the surprisingly large price changes that can result in weight changes (in the earlier version the term 'Asset Allocation Ratio' is used for 'weight') , especially when the initial weights are far from being even. This work could easily be generalized.
A lot of historical information is available about share prices, volumes and market capitalizations. It would be interesting to do experiments with different choices for weight changes in an attempt to discover what types of weight change behavior might be responsible for observed volatilities, etc. It would be even more interesting if some large managers could be persuaded to keep a record of their weight changes for academic study at a later date when the information was no longer of commercial significance.
Index Investing
Index investing has grown in popularity in recent years, and 'closet indexers' effectively add to the number of genuine index funds. We can speculate what would happen if every manager held the market index. Our model suggests that in this situation, not surprisingly, the relative weights of shares would be unchanged, no matter what happened to company fundamentals, although the overall price level of the index could change if cash were added to portfolios.
It would be of interest to examine the situation just before the advent of universal index holdings, when one only small active manager remained.
Efficient Market Hypothesis
The approach that we are advocating stresses the importance of the considerable diversity that is observed among market participants. There is no doubt that different managers use different information sets, analyzed in different ways, to produce different trading instructions. Without knowing the details of the weight changes for at least a group of the most important managers it is not obvious how to predict price changes. The net result is likely to appear to be random to many observers. More accurately we should perhaps regard the outcome as uncertain in the sense of Keynes. We may not have enough information to determine the properties of a probability distribution of returns [Po02] .
In this very complicated situation a plausible null hypothesis would be that it is impossible to predict anything useful about future market prices. 
Number of shares of type in portfolio
Weight of shares of type k in portfolio j at time t
EQUATIONS
The following two equations define the portfolio value and the share weight .
Define the matrices H and K as follows
matrix that is the inverse of the matrix with elements
Below are the formulas for the time derivatives of , and . 
APPENDIX 4
The tables show the progress of the 'bid/ask' method for different choices of the initial price change . The columns give the number of shares and the share weight for Manager 1 at the end of the step, followed by the starting price and the price change for the step. 
